
RESEARCH DEPARTMENT 



THE POWER GAIN OF MULTI =-TI ERED V»H»F„ TRANSMITTING AERIALS 



Report No. E-069 

(1060/3) 



THE BRITISH BROADCASTING CORPORATION 
ENGINEERING DIVISION 



RESEARCH DEPARTMENT 



THE POWER GAIN OF MULTI=TIERED V.H.F. TRANSMITTING AERIALS 



Report No. E-069 

( 1960/3) 



jr^^cfm^A^s 



?, Knight, Be A., A«M. I.E.E. 

G.O. Monteath, B»Se., A. Inst.P., A.M. I.E.E. 



(W. Proetor Wilson) 



this Report la the property of 


the 


Bfitish Broadcasting Corporation 


and 


a ay not be reproduced In any f 


r m 


without the written permission of 


the 


Corporation. 





Report No, &-069 



THE POWER GAIN OP MULTI=-TIERED VoH.F. TRANSMITTING AERIALS 



Section Title Page 

SUMMARY ....,,,,-....... o .............. . 1 

1 INTRODUCTION ............................ 1 

2 THEDRBTICAL CONSIDERATIONS ..................... 2 

S.lo Gain by Pattern Integration .,,....,...,,..... S 

So 2o Gain from Mutual Resistance .................. 3 

2o3o The Mutual Resistance Between Two Identical Sources ...... 4 

2o4o The Gain of a Single Tier ................... 6 

2o5<» The Gain of a Multi— tiered Array ............... 6 

2o6o The Gain of Arrays Having a Large Number of Tiers ....... 8 

2o6olo The Gain of Infinite Arrays with Spacings Less them 

One Wavelength ,„...,...,.,,....... 10 

2<,6.2o The Gain of Infinite Arrays with Spacings Greater than 

One Wavelength ,.„,,,.,,..,..,..,,. 11 

2o7o Non-uniform Horizontal Radiation Patterns ,..,....,.. 13 

3 DISCUSSION OF THE RESULTS ...................... 14 

4 CONCLUSIONS AND PRACTICAL APPLICATIONS ,.........,,,.. 17 

5 ACKNOWLBDQIMINT ........................... 18 

6 RBPBRENCB ............................. 18 

APPENDIX I ............................. 19 

APPENDIX II ..,......„.,.„,...,.......,.. . 20 

APPENDIX III ........................... . 23 

APPENDIX IV ............................ . 44 



Report No. 51-069 
Jamuary 1960 

( 1960/3) 



THE POWER GAIN OF MULTI-TIERED V.H.F„ TRANSMITTING AERIALS 

SUMMARY 

Transmitting aerials for T.h.f, broadcasting usually consist of a number of 
similar groups or tiers of radiating elements, spaced at intervals along a supporting 
mast. The power gain of such an arrangement depends on the number of tiers, on the 
spacing between them, and also on the vertical radiation pattern of each individual 
tier. A method of calculating the gain is described in this report. Results 
computed for a comprehensive range of variables are presented in the form of tables. 

1. INTRODUCTION 

V.H.P. broadcasting aerials are usiually designed so as to concentrate as 
much of the radiated power as possible into the horizontal plane. This is achieved 
by mounting co-phased groups or tiers of radiating elements along a length of the 
supporting mast.. The effective radiated power (e.r.pe ) is then greater than the 
actual radiated power, the ratio of the two powers being known as the power gain. 
The latter is roughly proportional to the length of mast occupied by the aerial, but 
it also depends on the number and type of the individual tiers and on the spacing 
between them. It is a factor of considerable importance in aerial design. 

In. a definition of power gain a comparison must be made with a standard or 
reference aerial. This may be an isotropic source, a short doublet or a half-wave 
(A./2) dipolej the latter is commonly used because it is the simplest form of practical 
aerial. Power gain is then defined as the ratio of the powers which must be fed to 
the two aerials in order to produce identical field-strengths at a distant point. 
It is also equal to the square of the ratio of the field strengths which the aerials 
would produce at a distant point if they radiated equal powers. The gain may 
be expressed either as a power ratio or in decibels, and the type of reference aerial 
must always be stated. 

The tiers of a v.h.f. transmitting aerial are usually equally spaced and fed 
with equal co-phased currents. The design of the individual tiers is governed by 
polarization and horizontal radiation pattern (h.r.p. ) requirements, and by the shape 
and dimensions of the mast structure; vertical directivity is usually a secondary 
consideration. The power gain of the aerial depends mainly on the number of tiers 
and on the spacing between them, and for any given number there is an optimum spacing 
which results in the maximum gain. Both the gain and the optimum spacing depend also 

*The distant point is usually in the direction of maximum radiation, but not necessarily so? 

the gain of an aerial may be specified in any directiouo »fhen no direction is stated, the 

figure quoted may be assumed to apply to the direction of maximum radiation^ In this report 
we are concerned with the gain normal to the axis of the array. 



on the vertical radiation pattern (v.r.p.) of the individual tiers but to an ever 
decreasing extent as the number of tiers is increased. 

In the past, gains of multi-tiered v.h.f . aerials have often been calculated 
by an integration based on their v.r.p.s. Optimum dimensions were determined by 
repeating the calculation for different inter-tier spacings until the maximum gain 
was found. This was a slow process and it had therefore to be confined to specific 
cases. The development of the digital computer has now made it possible to produce 
comprehensive tables of power gains covering a wide range of spacings, types of 
radiating elements and numbers of tiers. These tables are reproduced in this report. 

The report also contains tables of the relative mutual resistance between 
tiers as a function of the distance between them. These may be used to calculate the 
gains of aerials whose spacings or numbers of tiers lie outside the range of values 
covered by the gain tables. They may also be used to calculate the gains of aerials 
with unequal inter-tier spacings, or with tiers fed with unequal currents. 



2. THEORETICAL CONSIDERATIONS 

There are two ways in viiich the gain of an aerial can be calculated. In 
one method, the three-dimensional radiation pattern is determined and the power 
flowing through a sphere containing the aerial is found by integration. In the other 
method the power is calculated directly from the relative mutual resistances between 
the elements comprising the aerial. As a combination of both methods was used for 
the calculations described in this report a brief outline of them is given below. 

2.1. Gain by Pattern Integration 

Pig. 1 represents an aerial situated at the centre of a sphere. If the 
field strength at any point on the surface of the sphere is E, the power radiated 
through an element 8s of the surface area is kE^ 8s, k being a constant. The total 
power radiated is obtained by performing an integration over the surface of the 
sphere. 




Fig. I - Calculation of aerial gain by radiation 
pattern integration 



Suppose that the maximum field radiated by the aerial is unity and that we 
use an isotropic source radiating unit field as our reference aerial. The power 
radiated by the latter is 4 7rfe and the gain of the aerial relative to an isotropic 
source is therefore 



477- 
g - (1) 

" J g^ds 
e 

Its gain relative to a K/2 dipole is 

47T 

S = — ■ (2) 

1«64092 J E^ds 

since the gain of a A./2 dipole relative to an isotropic source is 1«64092. 

The integration is greatly simplified if the aerial has symmetry about an 
axis. Suppose that this is the vertical axis of Pig. 1; then the field strength is 
constant in all directions which make an angle 6 to the axis. Since the area of the 
zone Ttiiich subtends an angle 6 is proportional to sin 5 S(9, the power radiated through 
the zone is given by 

Sir = kE^sind 86 (3) 

The gain relative to a K/2 dipole is therefore 

4tt 



1-64092 J E^si.n6 dd 



(4) 



2.2. Gain from Mutual Resistance 

The gain of an aerial may also be calculated from the self- and mutual 
resistances of its elements. For example, let us consider a simple aerial consisting 
of two elements. It is shown in Appendix I that the total power radiated, and hence 
the gain, depends only on the self- and mutual resistances of the elements and is 
independent of their reactances. This result is true for any number of similar or 
dissimilar elements having any current distribution. 

If the two elements are identical and carry equal currents the expression 
for the radiated power is 

where Sg and /?« are the self- and mutual resistances of the elements and I is the 
current flowing in them. Now a single element would have to carry a current of 21 
and radiate a power of 4 I '^ S g in order to produce the same field strength in the 
direction of maximum radiation. Thus the gain of the array relative to a single 
element is 

412/?^ 2 

^ " 2I^(Rg + Ri^) ~ l + R^/Rg 

The quantity R^/Rs is known as the relative mutual resistance and is denoted in this 
report by R(x), The envelope of the mutual resistance decreases as the spacing 

«Tho gain of a \/2 dipole relatlTO to an Isotropic souroe Is equal to i/iy¥ lag SfT ~ CH Sw)} , 
where y— 0>67722 (Euler*8 constant) and Ci \ z) denotes the cosine Integral. 




DISTANCE BETWEEN DIPOLES (WAVELENGTHS) 




' 2 / 3 ^ 

DISTANCE BETWEEN DIPOLES (WAVELENGTHS) 



between the elements increases 
and the gain therefore tends to 
a limiting value of 8 (3 dB). 
This is illustrated by Fig. '2, 
which shows how the relative 
mutual resistance and gain of 
two parallel A./2 dipoles varies 
with their separation. 

2.3. The Mutual Resistance 
Between Two Identical 
Sources 

The first step in 
calculating the gain of a 
multi-tiered array is to deter- 
mine the relative mutual resis- 
tance between tiers as a 
function of their separation. 

Pig. 3 represents two 
identical sources with cylin- 
drical symmetry about the axis 
AB. If each individual source 
carries a current I and has a 
radiation pattern lAose modulus 
is denoted by f{6) the power 
which it would radiate in the 
absence of the other is 

I2i? - k j {/(5)}2sin0 dd (6) 



Fig. 2 - The relative mutual resistance and gain 
of two parallel A./2 dipoles 



where Rg is its self— resistance 
and fe is a constant. 




Fig. 3 - Two identical sources 



The radiation pattern of two sources driven by equal co-phased currents is 
E = 2/(19) cos(i;Sxcos(9) 



5 

where x is the distance between them and /3 = Ztt/X. . The power v^ich they radiate is 
therefore 

¥ - k J 4:{f{9)}^cos'^{i/3x cosi9)sin6' dd 
o 

= Zh [ {/((9)} 2 sine dd +2k J if (0)}^cos{fix cos 0) sing dd 

O 

TT 

= 2I^Ss+ 2k J {f{e)}^cosi/3x cos 0) sin 5 dd ("7) 

"o 

Now the total power radiated is also equal to 

¥ = 2I2(i?s+ J?j^) (8) 

where R/^ is the mutual resistance between the sources. Combining Equations (7) and 

(8) we therefore have 

rr 

I^R^ - k J {fi6)}^ coa(/3x cos0]sine dd (9) 

An expression for the relative mutual resistance R(x) may now be derived 
from Equations (6) and (9), 



IT 



p [ {fie)}^cos(Bx cos6]s±nd dO 

R. 



S^^)=^ = l, (10) 



/ {f (6)}^ sine dd 

o 

These integrals can be solved analytically for a few special cases such as 
isotropic sources [/((9) - l] and collinear doublets [f(6) = 3±nd] and it is possible 
to derive a solution for collinear X./2 dipoles in terms of cosine integrals. But in 
general the integrals cannot be evaluated in closed form. This difficulty may be 
overcome by representing the v.r.p. of each tier by an empirical formula for which a 
solution can be obtained. This formula would contain parameters \diich may be chosen 
to give the closest possible approximation to the actual radiation pattern. The 
relative mutual resistance R(x) may then be calculated, and the array gain determined. 

One such empirical formula which may be used to represent the v.r.p. of a 
single tier is ^ 

f(9) = [l + P cos^e + Qcos'^e]^ (11) 

where P and Q are the parameters vdiich define the shape of the pattern. Since f{6) 
represents the modulus of the v.r.p. and is therefore a real number,' P and Q are 
subject to the restriction {P + Q] > -1. Values of these parameters between -4 and 
+ 4cover the majority of the v.r.p.s encountered in practice; the choice of them is 
discussed in greater detail in Section 3. 

Since the expression for fid) is symmetrical about 6 - Tt/2, the limits of 
integration for Equation (10) may be restricted to the range < 6 < n/Z. Equations 
(10) and (11) may also be re-written in terms of a new variable u - cob 6 - The 
empirical formula for the v.r.p. of a single tier then becomes 



[l + Pw^ + Sw*]! 

and the relative mutual resistance is given "by 

1 
/ (.1 + Pu'^ + Qu^) cos /3xu du 

S(x)=~ — (12) 

J (l+?w2+Gu'^)dw 



The integrals may now be evaluated, leading to the result 
Six) =J {[A^i^x)~'>-+kJ/3x)-^ + As(/3x)~^]sin/3x+ U ^(.fix) -'+ A^(/3x)-^']cos ^ x} (13) 



where A^= 1 + P + Q A^=-SAQ 

A^= 2(P + 2Q) A^- 24(3 

^g=-2(?+6e) K- l + P/S + e/B 

This expression was used for the relative mutual resistance computations described in 
this report. 

2.4. The Gain of a Single Tier 

The gain of a multi-tiered array must be related to a known standard such as 
an isotropic source or a 'hj Z dipole. In order to do this it is necessary to calcu- 
late the gain of a single tier. 

The gain of a tier defined by the parameters ? and g, relative to an 
isotropic source, is 

V 

/ sin Odd . - 

_ _ 1 _ -•- — _ MaI 

^o - IT — ■" " I T+WsTq/b ~ k ^■^*' 

\ {fid)) "^ sine dd J (i + Pw2 + eM'^)dw 



The gain of a k/Z dipole relative to an isotropic source is 1«64092. Thus 
the gain of a single tier relative to a k/Z dipole is 1/1-64092 f. Note that this is 
the gain in the plane defined by 5 = n/Z and is not necessarily the maximum gain; 
for example, the power gain of a doublet turnstile in a direction along its axis is 
twice that in a direction normal to the axis. 

2.5. The Gain of a Multi-tiered Array 

The gain of a linear array of identical sources can be determined by a 
method described in an earlier Research Department publication. Let us consider the 

array of n identical sources shown in Fig. 4. 

It is shown in Appendix I that the total power radiated by an array of n 
sources is 



S,®''! 
S/^2 



S,®^ -J 






Fig. It - An array of n identical sources 



o= 1 r= 1 9 f^ g r 



(15) 



where I, is the current in the qth source and If is the complex conjugate of the 
current in the rth source. R g^ is the mutual resistance between the gth and rth 
sources. 

If the sources are identical we may write i?,^ = R^Rixg^), where R, is the 
self-resistance of one source and R(Xg^) is the relative mutual resistance between the 
two sources. The power radiated is then 



V= R^ i i R{x.^)I.I* 



(16) 



Now the field at a distant point, in the direction normal to the axis of the 
array, is proportional to the sum of the radiating currents. A single source carrying 
the same total current would produce the same field strength at the distant point and 
would radiate a power 



K = ^B 



2 I, 



r=l 



The gain of the array relative to a single source is therefore 

2 



n 

2 I 

r= 1 r 



^R= W 



(17) 



n n 

?= 1 r=i 



2 2 Rix..)l„l* 



The number of terms in the double summation can be reduced by grouping identical 
terms in pairs, giving 

2 



ff^ = 



n 



(18) 



n r- 1 



2 |l I = +2 2 2 R{x„)IaI* 
If the sources carry equal currents 1=1^-1^ and I^I* - \l\ ^, the gain is then 



!L.^ (19) 

n r» 1 

n + Z 2 2 S(x„^) 
r=i g= 1 If^ 



If the tiers are also equally spaced, the expression reduces to 

«B = ITTr^ ' (20) 

n + 2 2 (n- r)R (rx) 

r= 1 

viiere a; is the spacing between tiers and S(rx) denotes the relative mutual resistance 
between, two tiers separated by a distance rx. 

It is more usual to refer the gain to that of a K/S dipole. Since the gain 
of a single tier relative to a K/2 dipole is 1/1'640921, the gain of the array referred 
to this standard is therefore 



G 



!• 640921 



n- 1 1 

« + 2 _?, (n- r)R(rx) 



(81) 



r = l 



It is often more convenient to consider the gain per tier of the array, since this is 
a quantity which varies slowly with the number of tiers and viiich tends to a limiting 
value as the number of tiers increases. The gain per tier relative to a K/2 dipole 
is 

G 1 

-- = — - — — — ^ — - — ^ : (22) 

n - 



1 •640921 



1+ — y (n-r)R{rx) 



2.6. The Gain of Arrays Having a Large Number of Tiers 

The limiting value of the gain per tier of arrays having large numbers of 
tiers is of considerable interest because it is closely approached by arrays having 
more than eight tiers. 

In the first place we will consider, in a qualitative manner, how the gain 
of a finite number of identical tiers varies with the inter-tier spacing. For this 
purpose it is better to consider the radiation pattern rather than the mutual resis- 
tance. 

If we assume for the sake of simplicity that each tier is an isotropic 
source, the v.r.p. of n tiers is given by 

sin(5 n /2x cos(9 ) 
n slnih. fix cos6 ) 

where x is the inter-tier spacing. Fig. 5 shows the modulus of this plotted as a 
function of cos (9 for n = 16 and x - 0»8A.. In order to demonstrate the way in which 
the pattern changes as x varies, the curve has been extended outside the range 
-1 ^ cos i9 < 1; the real radiation pattern of the array is, of course, represented 
by the portion of the Curve lying between the limits cos = ±1. 




Fig. 5 - The v.r.p. of 16 isotropic sources spaced O'SA. 



If X is increased the curve will contract horizontally and more of it will 
come within the range -1 ^ cos <. 1. Suppose that x increases steadily. At first 
the main effect will be a reduction in the radiated power, and hence an increase in 
the gain, as the lobes near cos 5 = contract. As x approaches one wavelength, 
reinforcement along the axis becomes possible and two new major lobes begin to enter 
the significant region. There will therefore be a rapid increase in the radiated 
power and the gain will fall sharply. However, when the new major lobes, and the 
minor lobes surrounding them, have almost entirely entered the significant region a 
further slow reduction in the radiated power will commence. This process will be 
repeated iA.enever x reaches a multiple of a wavelength, since two additional major 
lobes are then formed. 



If the array has n tiers there will be n — 2 minor lobes between the major 
lobes. When n is large most of the minor lobes are insignificant and only those 
adjacent to the major lobes contribute appreciably to the radiated power (about 90^ 
of the power is concentrated in the major lobes). As the number of tiers is in- 
creased the major lobes become narrower and their entry into the significant region 
is delayed until the inter-tier spacing more closely approaches a multiple of one 
wavelength. The gain therefore falls more sharply when this point is reached; this 
is well illustrated by Fig. 6, which shows computed values of the gain per tier for 
arrays having different numbers of tiers. In the limit (an infinite number of tiers) 
the gain per tier curve becomes discontinuous lAenever the inter— tier spacing reaches 
a multiple of one wavelength. In deriving the shape of this curve, inter-tier 
spacings less than and greater than one wavelength will be considered separately. 
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Fig. 6 - The gain per tier of arrays of doublet turnstiles (P = I, 2 = 0) 

8.6.1. The Gain of Infinite Arrays with. Spacings Less than Qae Wavelength 

In this case the gain may be calculated directly from the radiation pattern 
by the method described in Section 2.1. The normalized v.r.p. of an array of n 
identical sources vdiose individual v.r.p. s are f{d) is given by 



_ sinfs n/3x cos ^ ) 
n Bi.ia.ii fix cos 6 ) 



f{0) 



(23) 



where x is the distance between adjacent sources. The power radiated by the array 
is therefore proportional to 



J »■ 



sin2(§ njSx cos 6 ) 



? sinHh IS X COS e ) 



[f{6)Vsi.nd dd 



(24) 



Making the substitution u = cos6' and writing f(u) = [/(5)] ^ we have 



1 
I sin^in 

J n^sinS 



fixu 
k /3xu 



f(u)du 
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Mien nfixia large the radiation is confined to a small range of angles near 
the plane perpendicular to the line of the array. In this region we may write 
f(u) = 1 and sini/Ssm = i j3 xu without error. Outside the region the use of these 
approximations introduces negligible error because the contributions to ¥ are very 
small. The integral may therefore be simplified to 

1 

du (25) 



-1 
Making the substitution y - knfixu we hare 



sin^y 



y2 



iy (26) 



The limiting value of y, as n tends towards infinity, is therefore Zn/n^x, since 

a> 

C sin^y 

— — - dy - n 

J y= 

-co 

Now the power radiated by an isotropic source producing the same field strength at a 
distant point is 

IT 

J s±nd d6 = 2 



Thus the gain of the array relative to an isotropic source is nfix/n and the gain 

per tier relative to a A./2 dipole is /3 x/1'64DQ2tt. Since /3 = 2 7r/\, this limiting 

value is also equal to !• 21883 x/A.. This result is independent of the radiation 
patterns of the individual sources. 

2.6.2. The Gain of Infinite Arrays with Spacings Greater than One Wavelength 

When the spacing exceeds a wavelength, additional major lobes, viiose relative 
amplitudes are governed by the radiation pattern of the individual sources, are formed 
and the gain is therefore no longer independent of the source pattern. 

Before deriving an expression for the gain an important result must be 
proved. This states that the powers radiated in all the major lobes of an infinite 
linear array of isotropic sources are equal. 

The radiation pattern of an array of n isotropic sources is 

^ _ sinrai// 
n sin\p 

where \p = i/3xcos(9 and x is the spacing between them. The pattern is periodic in \p, 
with identical maxima at values of \p given by V' = 0, 77, 2 77... When n is large the 
distant field strength is significant only in a small range of angles, Bxjj, near the 
maximum. Now the power radiated in this range depends on the area of the zone 



12 

subtending a corresponding angle 8 on the sphere enclosing the array, and this is 
itself proportional to sin 61 hd. Since d^p/dd - ~ifix sin 6, this area is proportional 
to - [2/ /3 jc] 8 0, whi ch is independent of 6'. Thus the powers radiated near each of the 
maxima are equal and all the major lobes contain equal powers. 

Before considering the general case, it is of interest to see how the gain 
of an infinite array of isotropic sources varies as the spacing increases. It has 
already been shovm that for spacings less than one wavelength the gain per source, 
relative to a A/2 dipole, is 1- 21883 %A. This has a limiting value, as the spacing 
approaches one wavelength from below, of 1* 21883. Turning now to the case in v4i.ich 
the spacing exceeds a wavelength, additional major lobes are formed in directions 
6 = and 77- and since all three major lobes carry equal powers, the limiting value 
of the gain per source, as the spacing approaches one wavelength from above, is 
!• 21883/3= 0-40628. Thus the curve of the gain per source of an infinite array has 
a discontinuity at x = k, while the curve for a finite array of isotropic sources 
falls sharply. 



As the spacing increases beyond one wavelength the gain per source again 
increases linearly and is equal to 0" 406^ x/A relative to a A/2 dipole. This may be 
proved by a method similar to that used for spacings of less than one wavelength. 
Two more major lobes are formed xAien the spacing reaches two wavelengths and the gain 
falls to ■|(1-21883). In general, 2r+l major lobes are present viien the spacing lies 
between r and r + 1 wavelengths. Thus the gain per source of an infinite array of 
isotropic sources relative to a A./2 dipole may be stated as 



G 

n 



2r+l 



1' 21883 



X 



[rX. < X < (r + l)A] 



(27) 



The variation of G/n as a function of x is shown in Fig. 7. 
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In the general case in 
which the v.r.p. of each source is 
described by f{6), the powers 
radiated in the major lobes are 
not equal but are proportional to 
the appropriate values of if{6)] 2. 
The total power radiated (and 
therefore the gain) differs from 
that of an array of isotropic 
sources by a factor which depends 
on fid). 



Fig. 7 - The gain per source relative to a A/2 
dipole of an infinite array of isotropic sources 



Suppose that the spacing 
lies between one and two wave- 
lengths. Three major lobes are 
then present, at angles 6^, 7t/2 

and 6^, the values ot 9 ^ and 6^ being given by cos = ±A/«r. If f{n/2) - 1 the total 
power radiated is proportional to 

^=1+ [f^e^)]^^[f{e^)]^ 



13 

Increasing the spacing beyond one wavelength therefore increases the power radiated by 

the array S times, while for a similar array of isotropic sources the corresponding 

increase is three times. The gain of the array relative to that of a similar array 

of isotropic sources is therefore 3/5. Since the gain per tier of an array of 

isotropic sources in the range K. < x < 2k is 1'21883 x/3 A., the gain per tier of the 

array is 

G 1' 81883 X , _, , 

- = 5 T- (28) 

n S K 

If the radiation pattern of the individual sources is symmetrical about 6 = 77/2, 
fid^) - f{6^) and the expression for the gain may be written 

G _ 1.21883 X ^^, 



VJhen X - k the two possible values of G/n are !• 21883 and 

1-81883 
l + 2[/(0)]'^ 

vdiere /(O) is the value of f{d) at (9 = 0. The 0/n curve therefore has a discontinuity 
at X = >^ if /(O) is finite. If /(O) - but /' (0) is finite the curve is continuous 
a.t X = k but its first derivative is discontinuous; the latter discontinuity also 
vanishes if /' (0) is zero. In general, if f{d) and its first n-1 derivatives are 
zero ■tdien 6-0, then the G/n curve and its first n-1 derivatives are continuous and 
there is a discontinuity in the nth derivative. 

If /((9) is defined by the parameters P and Q as in Section 2.3 we have 

[/(5,)]'= i+?cos"5, + ecos^0, = i+p (^1 +e ^^l'' 

since in this particular case coseii = k/x. The gain per tier is therefore 

*; 
1 • 21883 X 

G ^ 1^ [k< X <2k] (30) 

" / A. \ kY 



3 + gP^^j +2fi^^ 

Similar expressions may be derived for values of x within other limits but they are 
not quoted here because spacings greater than two wavelengths are seldom used in 
practice. 

2.7, Non-uniform Horizontal Radiation Patterns 

For simplicity the foregoing argument has been confined to aerials which 
radiate equally in all directions normal to the axis of the array. The results can 
nevertheless be applied to aerials in which the h.r.p. is non-uniform, provided that 
all the tiers are identical. 

Let the radiation pattern of a single tier be given by 
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E - ^{6, (?b) 

where E is the field strength at some large constant distance and 0and0 are spherical 
polar angles. The power radiated in the region bounded hj 6, 6 + B6 , is proportional 
to 



1 



27r 9 1 

J \yv(6, 4>)\ d0 sin(9 Be (31) 

J 



Instead of considering this aerial directly, we consider an equivalent aerial with a 
uniform h.r.p. and a v.r.p. Aich is the r.m«s. average \y^(6, 4>)\ with respect to 0. 
the v.r.p. of the equivalent aerial is therefore given by 



fie) = /^ I \w(e, 0)|'d0 (32) 

o 

The gain of the equivalent aerial, obtained by the methods discussed, is then applic- 
able to the r.m.s. of the h.r.p. of the original aerial. Thus, if the h.r.p. is 
plotted in terms of field strength in polar co-ordinates and a circle is drawn to 
enclose the same area, the computed gain will correspond to this circle. 

It may happen that the radiation pattern of one tier, ^(6, (p) , is computed 
theoretically. In some cases, for example slotted cylinders and rings of dipoles , 
the result is obtained in the form of a Fourier series in (^, with complex coefficients 
which are functions of 9. Let this series be 

\|/((9, 0) = Ag{6) + A ^(e)cos4i+ A ^(9) cos Z(f:> + ... 

(33) 
+ B ^{9)s±n.4>+B^(9)s±n2 4> + •.• 

There is no need to siun this series in calculating the average v.r.p., since it follows 
from the orthogonality of the terms that 



1 
_ 



- j |\I/(5, 0)rd0= \Aj9)\^ + k\A^i0)\^ + h\A^i9)\^+.., 

+ i\B^(9)\ ^ + i|52(i9)r + ... 



(34) 



3. DISCUSSION OP THE RESULTS 

Tables of relative mutual resistance and gain per tier were calculated on a 
digital computer for ten different kinds of source. Two computer programmes were 
written for this purpose. The first caused the computer to print out all the tables 
of relative mutual resistance. Each table was printed in three parts, divided 
vertically, since the teleprinter carriage would not accommodate the full width. 
These parts were joined together before reproducing the tables photographically. 
■Die first line of each table (x < k) was omitted from the machine computation to avoid 
scaling difficulties, but was computed manually and inserted before reproduction. 
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The second programme was used to print the tables of gain per tier, inclu- 
ding all the headings and data at the top of each table. It was written in a general 
form, and could be used to prepare additional tables if required. The values of P 
and 2, the first and last values of x/k, the interval between successive values of 
x/k and the values of n are all specified by a data tape, and can be chosen within 
fairly wide limits. 

The two programmes are quite independent; relative mutual resistances 
required for computing gains are computed by the gain programme as required. The 
values of P and g were chosen so that they embraced the types of v.r.p. encountered 
in practice, and also included a number of specific types of aerials. The ten cases 
are listed below and the tables are reproduced in Appendix III, 

TABLE 1 



-3 
-2 

•"1'4294 
-1 



3 
-1 



0'8806 

1 



e 



2-25 
1 

0-4294 

■1 
-4 
0-25 


0'3B98 




Type of aerial 



Collinear \/2 dipoles 
Collinear doublets 



Isotropic sources 
A./2 dipole turnstiles 
Doublet turnstiles 



The values of P and g for X./2 dipoles are empirical| a note on their 
derivation is given in Appendix II. The v.r.p.s of all the sources are shown in 
Fig. 8. 

Values of relative mutual resistance were tabulated at intervals of O-OBA. 
for spacings up to 32°95/V. Although values are given for very small spacings, these 
should be used with discretion because they may be rendered invalid by the finite size 
of the radiating source. For example, the centres of collinear k/S, dipoles cannot 
be placed closer together than 0» 5 A. and mutual impedances for smaller spacings are 
therefore fictitious. For spacings greater thanO-5X. the values given are correct 
provided that the current distribution on each dipole is not affected by the presence 
of the other. This assumption is valid for spacings greater thanO'6A between 
centres. 



Gains were tabulated for arrays having up to 32 tiers. All the gains are 
quoted relative to a A./2 dipole, and each table gives the gain of a single tier, 
denoted by (?. There are two tables for each value of P and g. For aerials of up 
to 8 tiers the gain does not vary rapidly and it is therefore tabulated for large 
intervals over a wide range. The gain per tier of aerials having greater numbers of 
tiers approximates to that of aerials with an infinite number of tiers except for 
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-3, Q = 2-25 E, o^s 
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Fig. 8 - The v.r.p.s of the sources for which computations were carried out, and the 
gains per tier (relative to a A./ 2 dipole) of corresponding infinite arrays 
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spacings close to I'OX.. For these aerials, calculations were made, at closer inter- 
vals, over a restricted range in the region of l-OA., and are given in a separate table. 

It should be noted that the gain tables for k/Z dipole turnstiles give the 
mean gain. As the h.r.p. is not quite circular, the maximum gain (in the directions 
normal to the elements) is slightly greater. It can be obtained from the tables by 
multiplying by 1-120, 

Appendix IV contains tables of the gains per tier of infinite arrays 
composed of the ten types of source considered, and Fig, 8 shows how these gains vary 
with inter-tier spacing. In general these curves have discontinuities at a spacing of 
one wavelength because of the formation of additional lobes. The gain decreases vdien 
the spacing exceeds one wavelength unless the radiation pattern of the source has 
zeros ii;i the directions 61 = and 7T; this variation in gain would be accompanied by 
a rapid variation in input impedance. 

Fig, 6 illustrates a typical way in which the gain per tier varies with the 
spacing and nximber of tiers. • In this case (doublet turnstiles) 6ach individual tier 
radiates a large field along the axis of the array and the discontinuity in the curve 
for an infinite number of tiers is large, while the curves for finite numbers of tiers 
fall sharply as the spacing approaches one wavelength. These curves show that care 
must be taken in deciding on the optimum spacing for arrays with large numbers of 
tiers, A spacing too close to one wavelength could result in a large variation in 
gain over the frequency band and a narrow impedance-bandwidth. 

It will be noted that the curves do not rise smoothly before the sudden 
descent which occurs as the separation approaches one wavelength. Small fluctuations 
are present which are due to the rapid phase variation of the mutual impedance between 
the more distant elements. These fluctuations become more rapid, but smaller in 
amplitude, as the number of tiers increases. 

The relative. mutual resistance tables for doublet and \/2 dipole turnstiles 
may also be used, without modification, for parallel doublets and X./2 dipoles, respec- 
tively. This is so because there is no mutual impedance between the two elements of 
a turnstile aerial and the relative mutual impedance between turnstiles is equal to 
that between the elements in each plane. For the same reason the gain tables for 
doublet turnstiles may also be applied to parallel doublets if the values are multi- 
plied by 8, and approximate gains for parallel X./S dipoles may be derived from the 
tables for k/Z dipole turnstiles by multiplying by 2-240; this factor is derived in 
Appendix II. 



4. CONCLUSIONS AND PRACTICAL APPLICATIONS 

The tables of mutual resistance and gain per tier should satisfy most 
requirements arising in the design of a v.h.f. aerial system comprising a number pf 
identical tiers. If the tiers of the aerial are equally spaced and carry equal and 
co-phased radiating currents, the gain per tier can be read at once from the approp- 
riate table. Nevertheless, it sometimes proves necessary to adopt unequal spacings 
between the tiers, usually for mechanical reasons. Moreover, it may be necessary to 
feed the tiers unequally in order to ensure satisfactory coverage in the immediate 
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vicinity of the station. It will then be necessax-y to compute the gain from 

Equation (18), obtaining RiXg,.) from the tables of relative mutual resistance. 

In general, the v.r.p. of a single tier cannot be represented exactly by 
Equation (11), but in most cases a reasonable fit can be obtained by using one of the 
pairs of values of P and g listed in Table 1, for viich the tables of gain per tier 
and relative mutual resistance have been computed. The corresponding v.r.p.s are 
shown on the left-hand side of Fig. 8. In deciding which of these cuar7es gives the 
best fit, it should be borne in mind that the region of the curve which it is most 
important to fit accurately depends upon the number of tierso For a small number of 
tiers, e.g» 2 to 4, it is probably best to select the curve giving the best overall fit. 
For a larger number of tiers the selection of the appropriate curve is important only 
if x/X. is near to l-O. In this case it is important to obtain a good fit for 6 near 
to zero. 
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APPENDIX I 
THE POWER RADIATED BY AN ARRAY OF SOURCES 



Consider an array of n sources , and let the current and voltage at the 
input of the rth source be J^ and 7^ (complex quantities). Let the mutual impedance 
between the qth. and rth sources be ^gp, Z j. ,. being the self- impedance of the rth. 
source. 

The input power to the rth source is Re(I*r^), vftiere Re denotes "the real part 
of" and the asterisk indicates the complex conjugate. This quantity is analogous to 
the scalar product of two vectors I^ and V^. 



The total input power is 

But 

The total power is therefore 



Re 2 1*7^ (35) 



= ,h ^r^, 



Now the imaginary part of Zg^ has no effect on this result. For if <? ^^ r the sum 
of the coefficients of 2,^ ^'^ ^rg (which are equal) is 1*1^ +Iqlri ^ real quantity. 
The coefficient of Z^^ is I^I*, which is also a real quantity. Since the power is 
the real part of the sum of these products, the self- and mutual reactances do not 
affect the total radiated power. The total power is therefore equal to 

W = I. i R„JJ1. (37) 

g=l r=l qr q r 

where i?.^ is the mutual resistance. 
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APPINDIX II 
THE CHOICl OP PARAMETERS FOR HALF-WAVl DIPOLBS 

1. COLLINIAR k/Z DIPOLIS 

In representing the v.r.p. of a X./g dipole by an empirical formula in the 
form [l + ? cos2(9 + e oos + fi'lz, the values of P and Q chosen were those for a source 
having 

(a) the same gain as a A./2 dipole 

(h) zero field a,t 6 = 

In Section 2o4 it is shown that the gain of a source defined by the parameters F and g 
relative to a X/2 dipole is 

1 
'^ "^ l»64092[l+?/3 + e/5] 

Condition (a) is therefore satisfied by the equation 

1 + P/3 + 2/B = 0-60941 (39) 

Condition (b) is satisfied by 

1 + p tg = (40) 

The solution of these two equations is 

? = -1«4294 2 = 0=4294 

The v.r.p. defined by these parameters agrees closely with the exact v.r.p^ of a A./2 
dipole» kt 6 - 45°5 for example, the error in field is only 256. 

2, k/Z DIPOLE TORNSTILBS 

A turnstile aerial consists of a pair of crossed radiators fed with equal 
currents in phase quadrature. When the radiators are doublets, the field strength in 
the plane containing the elements is the same in all directions. A A./2 dipole 
turnstile, however, does not have an omnidirectional h.r.p. and must therefore be 
replaced by an equivalent aerial, as described in Section 2o7o The v.r.p. of the 
equivalent aerial is defined by Equation (32) and a very close approximation is 
achieved with a source which has 

(a) the same mean gain (or r.m.s. field) in the plane containing 
the elements {6 - tt/Z ) 

(b) the same gain along the turnstile axis {6=0) 
Now the r.m.s. field in the plane containing the elements is 



where 



¥ 




21 



(41) 



77 



, = 



7T 



>0 



.0 



COS j — sin0 
cos (^ 



The integral cannot be solved analytically in this form. A solution is, however, 
possible if the radiation pattern is expressed in terms of the parameters for a k/2 
dipole derived earlier in the Appendix. Denoting them by P^ and Q^ (^i ~ -1"4S94, 
6i = 0»4294) we have 



^ 



n 
2"' 



1 = /l + ?^cos20+eiCos*0+jVl+i'iSin20+!2j^sin'^(;6 



(42) 



The solution of the integral is then 



27T 27T 

i- f \|/|-, (p\ d(/>=-™- [ [2 + ?i+2i(cos'^0+sin*0)]d0 



= 2 + P^ + 0'75 fii 

= 0«89gr7 

The maximum gain in the plane containing the turnstile elements is equal to one half 
that of a X./2 dipole, since the power is shared equally between the two elements. 
The mean gain of the equivalent source is therefore 0"5x0'8927 relative to a A./2 
dipole or 0'5 x 0»8927 x 1'64092 = 0«7324 relative to an isotropic source. 

Now it is shown in Section 2.4 that the gain in the direction 6 - n/Z of a 
single source defined by the parameters P and Q is 



1 + P/3 + 8/5 



relative to an isotropic source, 
relation 



Condition (a) is therefore satisfied by the 



1 + ^/3+8/5 



0-7324 



(43) 



Along the turnstile axis both elements contribute equally to the radiated 
power. The gain in this direction is therefore equal to that of a K/2 dipole, i.e. 
1'64092 relative to an isotropic source. 



The gain of a source defined by P and 6 in this direction is equal to the 
product of the gain in the plane perpendicular to the axis and the square of the 
ratios of the fields radiated in the directions 6=0 and 77/2. Its value is there- 
fore 

\2 



1 + P/3 + Q/5 



/(77/2)/ 



1 + f + 8 
1+P/3+Q/5 
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Conditiop. (b) is therefore satisfied by the equation 

^J^L+|^= 1.64092 (44) 

Equations (43) and (44) lead to the result that ? = 0-8806, fi = 0-3598. 

In an array of turnstiles there is no mutual impedance between the two 
planes containing the elements. The elements in each plane may therefore be con- 
sidered separately and this fact enables us to derive the gain of arrays of parallel 
doublets and dipoles from the tables. Since the power radiated by a turnstile is 
shared equally between the two elements, the gain of an array of parallel doublets is 
exactly twice that of a similar array of doublet turnstiles. The same multiplying 
factor cannot be used for parallel k/2 dipoles, since the gain tables for X./2 dipole 
turnstiles give the r.m.s. gain. The correct multiplying factor is 2/0-8927 = 2*240; 
this is twice the ratio of the maximum gain to the r.m.^. gain. 
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APPENDIX III 

TABLES SHOWING RELATIVE MUTUAL RESISTANCE 
AND AERIAL GAIN PER TIER 
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APPENDIX IV 
THE GAIN PER TIER OP INFINITE ARRAYS 



The limiting value of the gain per tier when the number of tiers tends to 

infinity is discussed in Section 8.6. For spacings less than one wavelength it 

is independent of the radiation pattern of the individual tiers and is etjual to 
l*21883a:/A. relative to a \/2 dipole, where x is the inter-tier spacing. 

For spacings greater than one wavelength the gain is a function of the 
parameters P and Q which define the radiation pattern of the tiers. For spacings 
between one and two wavelengths the gain per tier relative to a A./2 dipole is given by 



1 • 21883- 



A. 
3 + 2? I — 

X 



+ 2617 



Values of G/n for spacings between one and two wavelengths for the ten cases con- 
sidered are tabulated below. 
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